Fracture Mechanics of Two Dimensional Noncircular Flaws by Chang, Roger
Proceedings of the DARPA/AFWAL Review of
Progress in Quantitative NDE, October
1979–January 1981
Interdisciplinary Program for Quantitative Flaw
Definition Annual Reports
9-1981
Fracture Mechanics of Two Dimensional
Noncircular Flaws
Roger Chang
Rockwell International
Follow this and additional works at: http://lib.dr.iastate.edu/cnde_yellowjackets_1981
Part of the Materials Science and Engineering Commons
This 5. Composites, Adhesive Bonds, New Phenomena and Problems is brought to you for free and open access by the Interdisciplinary Program for
Quantitative Flaw Definition Annual Reports at Iowa State University Digital Repository. It has been accepted for inclusion in Proceedings of the
DARPA/AFWAL Review of Progress in Quantitative NDE, October 1979–January 1981 by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Chang, Roger, "Fracture Mechanics of Two Dimensional Noncircular Flaws" (1981). Proceedings of the DARPA/AFWAL Review of
Progress in Quantitative NDE, October 1979–January 1981. 15.
http://lib.dr.iastate.edu/cnde_yellowjackets_1981/15
Fracture Mechanics of Two Dimensional Noncircular Flaws
Abstract
The growth of two dimensional noncircular flaws was studied by three independent methods: transfer
function analysis, equivalent area approximation, and direct fracture mechanics calculation. All three methods
yield results varying within a few percent of one another for the simpler elliptical and rectangular geometries.
Results of transfer function and equivalent area methods agree also within a few percent of each other for the
more irregularly shaped flaws. The importance of these studies to NDE predictive technology is discussed.
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FRACTURE MECHANICS OF TWO DIMENSIONAL NONCIRCULAR FLAWS 
Roger Chang 
Rockwell International Science Center 
Thousand Oaks, California 91360 
ABSTRACT 
The growth of two dimensional noncircular flaws was studied by three independent methods: transfer 
function analysis, equivalent area approximation, and direct fracture mechanics calculation. All three 
methods yield results varying within a few percent of one another for the simpler elliptical and rectang-
ular geometries. Results of transfer function and equivalent area methods agree also within a few per-
cent of each other for the more irregularly shaped flaws. The importance of these studies to NDE 
predictive technology is discussed. 
INTRODUCTION 
We proposed in previous communications [1,2] 
empirical transfer functions which convert a two 
dimensional irregularly shaped flaw in an isotro-
pic elastic medium to a circular flaw of equiva-
lent propagation lifetime. Our further studies 
suggest that the irregularly shaped two dimension-
al flaws can also be approximated by circular 
flaws of equivalent area. If the stress intensity 
factors at each infinitesimal segment of an irreg-
ularly shaped two dimensional flaw are known, di-
rect fracture mechanics calculation of the equiva-
lent circular flaw radius similar to that applied 
to an elliptical flaw [1,2] should be straightfor-
ward. The principle objectives of this investiga-
tion are to compare the results of equivalent cir-
cular flaw calculations by the three methods: 
transfer function analysis, equivalent area ap-
proximation, and direct fracture mechanics 
calculation. 
REVIEW OF TRANSFER FUNCTION METHODOLOGY [1,2] 
For an elliptical flaw with major axis a and 
minor axis b contained in an infinite isotropic 
elastic body, analytic expressions for the Mode I 
stress intensity ranges (uniaxial stress applied 
perpendicular to the flaw plane) are available 
[5], i.e., 
(1) 
(2) 
where 6S is the applied stress range and E{k) is 
the complete elliptical inte~ral of the second 
kind, k being given by /1-62 a2. The Mode I 
stress intensity range for a circular flaw of 
radius r is, 
(3) 
The growth rates at the extremities of the major 
and minor axes of an embedded elliptical flaw, 
da/dm and db/dm, proportional to some power of the 
stress intensity ranges,are, correspondingly, 
100 
where A and ~are environmental dependent material 
constants and m is the fatigue cycles. In frac-
ture mechanics of engineering materials, ~. the 
Paris exponent, may vary between 2 to 4. The 
actual value of ~will not affect the transfer 
function methodology approach outlined below. 
The growth of a and b are calculated incre-
mentally with Eqs. (4) and (5), until bf (final 
dimension of b after f increments) is w1thin a 
fraction of one percent of af (final dimension of 
a after f increments). The elliptical flaw has 
now grown into a circular one of radius af• Know-
ing af and f, the equivalent initial circular 
radius r is obtained incrementally in the same 
time domain according to Eq. (6), starting with rf 
= af ~ bf. This method is almost exact and be-
comes increasingly more accurate with finer 
fatigue increments. Results for r/b versus vari-
ous a/b ratios (varying between 1 and 11) after 
100 increments are shown in Fig. 1 (full curve). 
After 100 increments, bf is within 0.1 percent of 
af for all the a/b ratios studied. 
The relationship between r/b {equivalent 
circular flaw of radius r divided by the minor 
axis of elliptical flaw) and shape of the 
elliptical flaw is expressed empirically by, 
i = f L gifi(R) dS 
s 
(7) 
where fi(R) is some arbitrarily chosen mathemati-
cal function of the radial distance R from the 
centroid of the flaw to the infinitesimal circum-
ferential segment dS and g1 is the coefficient of the function f;. Equation (7) can be approximated 
by the following summation. 
(8) 
---RECTANGULAR CRACK 
--ELLIPTICAL CRACK 
r/b 
Fig. 1 Transposition plots converting noncircular 
flaws into equivalent circular flaws {full 
curve, elliptical flaws of major axis a 
and minor axis b; dotted curve, rectangu-
lar flaws of sides 2a, 2b). 
where ~ means summation over the circumference of 
the f13w and n is an integer. 
The transfer function given by Eq. {8) for 
elliptical to circular flaw conversion was applied 
to nonelliptical flaws. The coefficients g1 were 
solved by a method similar to Fourier inversion 
from the fracture mechanics data for elliptical to 
circular flaw conversion {solid curve of Fig. 1). 
Equation (8) with these known coefficients was 
used to estimate the equivalent circular flaw 
radius of rectangular, symmetric dumbbell and 
asymmetric dumbbell flaws. The results are sum-
marized in Fig. 1 (rectangular, dotted curve), 
Fig. 2 {symmetric dumbbell) and Fig. 3 {asymmetric 
dumbbell), respectively, which are self-
explanatory. 
THE EQUIVALENT AREA APPROXIMATION 
The results of transfer function analysis 
suggest that the two dimensional irregularly 
shaped flaws can also be approximated by circular 
flaws of equivalent area. The equivalent area 
method is of sufficient importance to NOE predic-
tive technology worthy of more thorough investi-
gation. We hope to do so in the near future. For 
ellipses of major axis a and minor axis b, the 
circular flaw radius (having equivalent propaga-
tion lifetime) according to the equivalent area 
approximation is simply lrul. We carried out di-
rect fracture mechanics calculations of the nor-
malized equivalent circular radius r/b according 
to Eqs. (1) to (6) for various aspect ratios of 
the ellipse (a/b varying from 1 to 11) and various 
Paris exponents ( o. = 2.5, 3.0, 3.5 and 4.0). 
Curves similar to the solid curve of Fig. 1 were 
obtained but are not reproduced here. These frac-
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Fig. 2 Same as Fig. 1, symmetric dumbbell 
flaws of various dimensions. 
Fig. 3 Same as Fig. 1, asymmetric dumbbell 
flaws of various dimensions. 
ture mechanics calculations are compared with 
those according to the equivalent area approxima-
tion. The differences in the equivalent circular 
flaw radius according to the equivalent area ap-
proximation and that from direct fracture mechan-
ics calculation, summarized in Fig. 4, are within 
10 percent of each other for all the aspect ratios (a/b =1 to 11) and Paris exponents (a= 2.5 to 
4.0) investigated. 
NONCIRCULAR FLAWS OTHER THAN ELLIPSES 
In a preceding section we used the transfer 
function method to estimate the equivalent circu-
lar flaw radius for noncircular flaws other than 
ellipses. How accurate are these estimates? To 
answer the question, direct fracture mechanics 
calculations for these nonelliptical flaws are 
necessary. We chose the square flaw in the pre-
sent study for simplicity. The investigation was 
carried out in the following way: first we 
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Fig. 4 Comparison of equivalent circular flaw 
radius results according to the equiva-
lent area approximation and direct frac-
ture mechanics calculations for ellipses 
with various a/b ratios (1 to 11) and 
various Paris exponents (2.5 to 4.0). 
calculate the Mode I stress intensity factors at 
the various locations of a square flaw by means of 
finite element methods. The square flaw is 
allowed to grow according to the local stress 
intensity factors via the Paris crack growth equa-
tion with (l = 3.5. A new flaw geometry is gener-
ated. Mode I stress intensity factors for the 
flaw geometry after the first iteration are recal-
culated and a new flaw geometry is generated in 
the second iteration. These steps are repeated 
until the final flaw becomes almost circular. The 
circular flaw is allowed to shrink according to 
the Paris equation within the same time domain 
into a smaller circular one whose radius is the 
equivalent circular flaw radius. 
FINITE ELEMENT METHODS USED TO OBTAIN STRESS 
INTENSITY FACTORS OF NONCIRCULAR FLAWS 
Three methods have been tried. Initially, an 
axial-symmetric finite element method was used to 
estimate the ratio of stress intensity factors of 
square and circular flaws. The full three dimen-
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sional stress analysis employing quadratic iso-
parametric hexahedron elements was then used to 
calculate the stress intensity factors of noncir-
cular flaws by means of crack opening displacement 
extrapolation along the flaw front. Both methods 
yield nearly identical results. Thirdly, the 
boundary integral equation method [6,7] was ap-
plied to our problems. For simple flaw geometries 
such as circles and squares, no advantage was 
gained with the boundary integral equation method, 
however. 
In the axial-symmetric method we assume that 
the stress intensity factor ratios of a square and 
a circular flaw are equal to the ratios of circum-
ferential stresses (of elements nearest the flaw 
front) of a cylindral and a spherical void 
stressed radially along the rotational axis. The 
stress ratio method used to obtain stress intens-
ity factors has been discussed by the author in a 
previous investigation [8]. The elements used in 
one quadrant are shown in Fig. 5 and Fig. 6 for 
the spherical and cylindrical voids, respectively. 
Axially symmetric finite element stress analysis 
employing NASTRAN (NASA Stress Analysis Program) 
with trapezoidal and triangular ring elements was 
carried out for these element geometries. 
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Fig. 5 Schematic nodal structure containing 
a spherical void for axially sym-
metric finite element stress analyses 
(one quadrant is shown, AB is void 
boundary). 
Three dimensional stress analysis employing 
NASTRAN with quadratic isoparametric hexahedron 
elements to yield the stress intensity factors is 
more powerful and rigorous. A schematic of the 
element structure in one octant for a square flaw 
is shown in Fig. 7. 
Results of the stress intensity factors for 
the square flaw (normalized against that of a cir-
cular flaw) by the two methods are plotted in 
Fig. 8. Data from an approximate integral equa-
tion treatment by Bui [9] are included in Fig. 8 
for comparison. Our results agree with Bui's near 
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Fig. 7 Schematic nodal structure containing a 
square or a circular crack for three di-
mensional finite element stress analyses 
(one octant is shown; only one isoparam-
etric element is drawn for clarity). 
the corner but deviate substantially from his near 
the edge center of the square flaw. 
LIFETIME PREDICTION FOR SQUARE FLAWS BY 
vARious METHODS 
Results of the normalized equivalent circular 
flaw radius, r/a, for a square flaw of sides 2a 
calculated fracture mechanically are compared with 
those estimated by the transfer function and 
equivalent area methods for the various Paris 
exponents (a= 2.0 to 4.0) in Table I. 
DISCUSSION 
The transfer function method and the equiva-
lent area method show promise as convenient mathe-
matical tools for the 1 i fetime prediction of 
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Fig. 8 Comparison of stress intensity 
factor calculations (rectangular 
vs circular flaw) by various meth-
ods (KI is Mode I stress intensity 
for square of side 2a; 2Sra:Ti is 
Mode I stress intensity for circu-
lar flaw of radius a; S is applied 
normal stress). 
Table I. Comparison of the Normalized Equi 
valent Circular Flaw Radius (r/al by the 
Three Methods for Square Flaws of Sides 2a 
1.00 
Fracture Transfer Equivalent 
Paris Mechanics Function Area 
Exponent Calculation Analysis Approximation 
2.0 1.094 1.112 1.1285 
2.5 1.111 1.120 1.1285 
3.0 1.126 1.128 1.1285 
3.5 1.140 1.136 1.1285 
4.0 1.152 1.143 1.1285 
* 
*The normalized equivalent circular flaw radius 
for square flaws of sides 2a accord~ to the 
equivalent area method is exactly ~7n or 1.1285. 
irregularly shaped two dimensional flaws. The 
present investigation deals with simple square 
flaws. Further comparison of the two methods on 
other irregularly shaped flaws are in need to 
substantiate the conclusions reached in this 
investigation and to define the limits of applica-
tion of these methods to flaw geometries beyond 
which they might fail. 
For the simpler flaw geometry where lifetime 
prediction by the transfer function and/or the 
equivalent area method holds, direct coupling of 
these methods to NDE is possible. Such work is 
currently under study and wi 11 be separately re-
ported. For more complicated flaw geometries 
where lifetime prediction by the transfer function 
and/or the equivalent area method becomes inaccu-
rate, the more direct fracture mechanics method 
must be used. The type of crack geometries, where 
we must use the more rigorous fracture mechanics 
method of evaluation, has not yet been ascertained. 
This remains to be an interesting area for future 
investigation. We made some preliminary compari-
sons of the equivalent circular flaw radius evalu-
ation by the transfer function method and the 
equivalent area method for the symmetrical dumb-
bell flaws shown in Fig. 2. The comparison is 
summarized in Table II. Direct fracture mechanics 
evaluation of these irregular shaped flaws has not 
yet been carried out, however. 
Table II. Comparison of Normalized Equivalent 
Circular Flaw Radius Evaluation by the Trans-
fer Function and Equivalent Area Methods for 
the Symmetric Dumbbell Flaws (see Fig. 2, 
B/R 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
B/R = 1.0, L/R = 0.0 to 1.0). 
L/R 
1.0 
0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 
0 
Normalized Equivalent Circular 
Flaw Radius (r/R) 
Transfer Equivalent 
Function Area Percent 
Method Method Difference 
1.96 1.88 4.2 
1.92 1.85 3.7 
1.88 1.81 3.8 
1.85 1.78 3.9 
1.81 1.74 3.9 
1.77 1.70 4.0 
1.72 1.67 2.9 
1.67 1.63 2.4 
1.62 1.59 1.9 
1.58 1.55 1.9 
1.53 1.50 2.0 
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FLOW DETECTION IN UNDERLYING STRUCTURE - PROBLEMS AND OPPORTUNITIES 
J. A. Moyzis, Jr. 
Materials Laboratory 
Wright-Patterson A.F.B., Ohio 
ABSTRACT 
Over the last few years a number of R&D programs have been funded by the Materials Laboratory with 
the object of developing ultrasonic and eddy current techniques for the reliable detection of fatigue 
cracks in the underlying layers of multi-layer structure. This paper will present a survey of these 
efforts, discuss the successes achieved and the problems that still remain in this important inspection 
field. 
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